We investigate the effects of isospin asymmetry on inhomogeneous chiral symmetry breaking phases within the two-flavor NJL model. After introducing a plane-wave ansatz for each quark-flavor condensate, we find that, as long as their periodicities are enforced to be equal, a non-zero isospin chemical potential shrinks the size of the inhomogeneous phase. The asymmetry reached in charge neutral matter is nevertheless not excessively large, so that an inhomogeneous window is still present in the phase diagram. Lifting the constraint of equal periodicities alters the picture significantly, as the inhomogeneous phase survives in a much larger region of the phase diagram.
Introduction
Chiral symmetry, which is an approximate symmetry of the QCD Lagrangian in the sector of up and down quarks, is spontaneously broken in vacuum by the appearance of a non-zero chiral condensate ψψ . It is known from lattice calculations that, for vanishing chemical potential µ, chiral symmetry gets (approximately) restored at high temperatures T in a crossover transition taking place at T ≈ 150 MeV. At low temperature and µ = 0 on the other hand, where standard lattice methods are not applicable, many model calculations, performed e.g., within the Nambu-Jona-Lasinio (NJL) model [1] or the quark-meson model [2] , suggest that there is a first-order phase transition where the chiral condensate discontinuously drops from a large value to almost zero.
Most of these studies have been performed under the tacit assumption that ψψ is spatially constant, a condition which might turn out to be too restrictive. Although inhomogeneous phases with a spatially varying chiral order parameter have been discussed already 25 years ago [3] (see also [4] ), this possibility has gained increased attention only recently, after several new studies have confirmed its relevance, see [5] for a review. In particular in the NJL model one finds that at low temperatures an "inhomogeneous island" appears between the homogeneous phases with broken and restored chiral symmetry.
Even if its effect on the equation of state is rather small [6] , inhomogeneous quark matter could have interesting consequences for the physics of compact stars, in particular for their transport and cooling properties. So far, however, most studies of inhomogeneous chiral condensates have been performed for isospin symmetric matter, whereas it is known that the constraints of electric neutrality and beta equilibrium lead to a considerable isospin asymmetry in compact stars. In order to implement a more realistic scenario, we have therefore investigated the influence of a non-vanishing isospin chemical potential µ I = µ u − µ d on the inhomogeneous phase within an NJL model. In these proceedings we present some first results of this study, while a more detailed discussion will be given elsewhere [7] .
Model
We employ the two-flavor NJL model, defined by the Lagrangian [8] 
where ψ = (u, d) T is the 4N c N f -dimensional quark spinor for N f = 2 flavors and N c = 3 colors, and G denotes a dimensionful coupling. Here, γ µ are the Dirac matrices, τ a the Pauli matrices acting in flavor space, andm = diag(m u , m d ) is the current mass matrix.
To determine the thermodynamically favored ground state of the system, we evaluate the grand potential per unit volume, generalizing the formalism described e.g. in Ref. [5] to non-zero isospin chemical potential (see [7] for details). To this end we employ the mean-field approximation in the presence of the flavor diagonal 1 scalar and pseudoscalar condensates
with f ∈ {u, d}. Here an explicit spatial dependence of the condensates is retained, since we want to analyze the emergence of inhomogeneous chiral symmetry breaking in our model.
In order to keep the problem tractable we restrict ourselves to simple one-dimensional spatial modulations. Specifically, for each flavor f we consider the ansatz
with amplitudes ∆ f and wave numbers q f . Moreover we require that the ratio R = q u /q d is a rational number, so that the system is overall periodic, characterized by a period length L. The mean-field thermodynamic potential can then be written as
with
and
where {E f λ } are the eigenvalues of the effective mean-field Hamiltonian
and h ∈ {u, d} with f = h. The problem of calculating the thermodynamic potential is then essentially reduced to the determination of the eigenvalue spectrum of H f . This will be done numerically, after performing a Fourier transform to momentum space.
Since the NJL model is non-renormalizable, we need to regularize the divergent contributions in the thermodynamic potential. For this, a Pauli-Villars regularization scheme is applied to the diverging vacuum part of the grand potential (see [9] for details).
At this stage we are then able to minimize the thermodynamic potential at given (T, µ u , µ d ) with respect to the variational parameters {∆ f } and {q f }, to determine the energetically favored ground state.
Phase structure
In this section we discuss our numerical results for the phase diagram in isospinasymmetric matter, focusing on the size and the properties of the inhomogeneous 
from which it is obvious that changing the sign of µ I only interchanges the roles of the up and down quarks. The shape of the phase diagrams therefore only depends on the modulus of µ I . For simplicity we restrict our calculations to the chiral limit, m f = 0. 2 The remaining model parameters, the coupling G and the Pauli-Villars cutoff Λ, are determined by reproducing the pion decay constant in the chiral limit f π = 88 MeV and a constituent quark mass of 300 MeV in vacuum.
Equal periodicities
To have a well-defined starting point for our investigation, we show in Fig. 1 the phase diagram of the isospin-symmetric case, µ I = 0. The region where the inhomogeneous phase is favored is indicated by the shaded area. Because of the isospin symmetry, the ansatz Eq. (2) reduces to the so-called (dual) chiral density wave (CDW) [3, 10] Next, we turn to µ I = 0. As a first step, we restrict Eq. (2) to a CDW-like ansatz with arbitrary amplitudes but equal periodicities, q u = −q d . This has the advantage that the Hamiltonian H f can be diagonalized analytically, considerably simplifying the problem.
The resulting phase diagrams for three different values of |µ I | are displayed in Fig. 2 . We find that for this CDW-type ansatz the inhomogeneous phase shrinks as µ I increases and its onset moves to lower values of µ. The inhomogeneous window nevertheless appears to be relatively robust, surviving beyond |µ I | = 120 MeV.
It is very plausible that the observed reduction is at least partially due to the fact that our assumption of equal periodicities is too restrictive: For isospin-symmetric matter it is known that the wave number of the CDW strongly depends on the chemical potential, roughly being of the order of 2µ. One should therefore expect that for µ u = µ d up and down quarks would favor different periodicities, although the situation is complicated by the fact that up-and down-quark condensates mix in the Hamiltonian, see Eq. (4). We will come back to this issue in Section 3.3.
Electric charge neutrality
In compact stars, the isospin chemical potential is no longer an independent external parameter, but is fixed by the requirement of global electric charge neutrality and beta equilibrium. In order to describe this situation a leptonic component must be added to our model.
For this we consider an ideal gas of massless electrons and assume that neutrinos can freely leave the star. The system can then be characterized by two chemical potentials µ and µ Q , corresponding to two conserved quantities: the net quark num- ber and the electric charge. Accordingly, the chemical potentials of the quarks and electrons are given by
and thus µ I = µ Q (while µ = µ + µ Q /6 = µ). With this, we can write the total thermodynamic potential as
with the quark contribution Ω given by Eq. (3) and the electron contribution Ω e . The requirement of global electric charge neutrality then takes the form
where n f = −∂Ω/∂µ f are the (spatially averaged) quark number densities and n e = −∂Ω e /∂µ e denotes the electron number density.
Simultaneously to this condition, we have to minimize the thermodynamic potential with respect to the amplitudes ∆ f and wave numbers q f of the chiral condensates. Thereby we again restrict ourselves to the simplified case where we enforce q u = −q d . The resulting value of µ Q at zero temperature 3 as a function of µ is depicted in Fig. 3 . Since µ Q turns out to be always below 80 MeV in the region where the inhomogeneous phase is expected to appear, in light of the results of Section 3.1 we expect the latter to be still present, albeit decreased in size. This is exactly what we observe, as shown in Fig. 4 . On the other hand, as previously mentioned, the inhomogeneous region might grow again if the artificial constraint q u = −q d is lifted. 
Unequal periodicities
Finally, we therefore relax the artificial constraint q u = −q d and allow for |R| = |q u /q d | = 1.
4 As explained in Section 2, we require an overall periodicity of the system, which implies that R must be a rational number. Since any real number can be approximated to arbitrary accuracy by rational numbers, this is not a severe limitation in principle. In practice, however, we are only able to investigate a rather small number of ratios.
Indeed, for CDW-like modulations with unequal periodicities for up-and downquark condensates, the mean-field Hamiltonian H f cannot be diagonalized analytically any more and we have to resort to determine the eigenvalue spectrum numerically. This turns out to be rather time consuming, so that we restrict ourselves to a small set of ratios, R ∈ {−1, 4/3, 2, 5}, from which we determine the energetically preferred solution at given values of T , µ and µ I .
The resulting µ − T phase diagram for µ I = 60 MeV is shown in Fig. 5 . We find that indeed different ratios are favored throughout different regions of the phase diagram. Moreover, allowing for unequal periodicities stabilizes the inhomogeneous phase considerably. Even though we tried out only a limited number of ratios, the inhomogeneous region is now almost as large as for isospin symmetric matter, cf. Fig. 1 . 
Summary
We have investigated the effects of isospin asymmetry on inhomogeneous quark matter within the two-flavor Nambu-Jona-Lasinio model. After choosing a simple plane-wave ansatz for the scalar and pseudoscalar condensates of each flavor, we first considered a restrictive CDW-type solution where the periodicities for each flavor are forced to be equal. Since inhomogeneous particle-hole condensation is mainly a Fermi surface effect, the periodicity of each flavor is strongly related to its own chemical potential.
It is then clear that, in the presence of an isospin imbalance, the requirement of equal periodicities can be very restrictive, and indeed we observed that for this ansatz the resulting inhomogeneous phase shrinks significantly as µ I increases. After imposing charge neutrality on our system and determining self-consistently the amount of isospin imbalance, we find that the inhomogeneous window becomes smaller but does not disappear from the phase diagram. On the other hand, if the periodicities are allowed to be unequal, the inhomogeneous phase gets stabilized against the isospin-imbalance effects. While the numerical implementation of these solutions is technically challenging, we were able to observe that, for a fixed µ I , the favored ratio q u /q d takes rather large values near the boundary to the homogeneous chirally broken phase and decreases with increasing µ. A more detailed discussion will be given in Ref. [7] .
